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4. STRAIGHT OBLIQUE WINGS

For applications to the type of obli que wings considered by Jones V

(1971 • 1977), the center line can be assumed to be strai ght , i.e.

®
‘a O,orf€~’ImI ,and POE (2.6) reduces to

~ EK.$t -~~$~14 ~gg = +... (4.1)

subject to errors of Q(Et). If the variable Is taken as a normalized

time varIable , (4.1) can be interpreted as one governing a 2-0 transonic

small-disturbance flow nea r the quas i - s t ead y l i m i t , in wh ich  the RHS
~~ A -

~~represents an unstead y correction. The perturbed solution •~l-e~ 1 4 -  H
A

under® ~ 0 also adm i ts ~ local-s imIlari ty in and In •, , app licable

to a rather useful class of wing geometry; the reduced problems in this

case can be solved once for all span stations. These wi l l  be discussed

in ~~ 4.1 and 4.2 below.

4.1 An unstead y anaj~~y w ith a 2-0 transonic flow

To bring out more precisel y the nature of the analogy in question ,

we introduce

(4.2)

PDE (4.1) takes the form

(4 .3 )
fami liar in most nonlinear analysis of unsteady transon ic flows (Landahl

1 962, Oswatitsch 1962, Timma n 1962). The equations for the characteristics

and the shock relations , (2.11) and (2.14), also go over correctl y, upon

substituting (4.2), to the unsteady transon ic system In question , and the
A 4

continuity requirements on ~ and 4’~ , (2.10), remaIn unchanged . The

wing boundary condition (2.9) becomes

(
~
f )

~ ~~~~ ~~~~~~~ ~~(1+I~~~ ) (4.4)

The far-field description for ~~~~ e~’,÷EJZcf~~ based on the expressions

for and $‘, of (2.28) and (2.29), wi th ?/~ repl aclng~~®’è/,pand®’jO is

precisely that describing the solution to (4 .3 )  at large (~~ near the quasi-

steady l imi t .  One must note tha t the induced-upwash term~~~
’(’~~ In f ,
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A
(4.2), cancels out the corresponding term in f rom (2.2 9) , and therefore ,
the resultant far-field description for ~ is independent of the influence
of the wake vorticity. Hence , our i nner airfoil prob l em is mathema t-

i ca l l y equivalent to tha t of a (special) unstead y transon ic airfoil

pertaining to the nonlinear (lower-frequency) domain governed by POE (li.3)

near the quasi-steady l i m i t , wi th a wing-surface condition (4.4), and time-

dependent locations of the leading and trailing edges. The wake

influence of the obli que-w i ng , as well as the wing bend and wing twist ,

thus , appear as additional incidence corrections in the equivalent unsteady

problem . - V

The forego i ng examination indicates that the solution to the oblique-

wing problem can be generated from an unstead y 2-D calculation based on (4.3)

for which existing numerica l procedures, e.g. those using alternating

direction implicit algorithms similar to Balihaus & Goorjiian (1977) , can

be quite readil y adopted. The crucial input to such an application lies ,

of course , in the incidence correction , and , to fully utilize the (available)

computer storage and time for this purpose , the description for ~ based
on (2.28) and (2.29) should be used at the far boundary. (The values of

~~ A

fT’0 O~ and D4 in (2.29) can be taken from those determined from the

previous time step.)

The approach via this unsteady analogy promises an alternative solution

procedure without the requirement for the local similarity (cf. (4.5) below),

as well as providing a method for capturing shock waves on oblique wings

without the difficulty associated with the reexpansion singularity discussed

earlier ( § 2.6).+ Sample calculations via the unsteady analogy and their

comparison with the perturbation solutions are given at the end of 5 for

a subcritical case. From the viewp oint of unsteady transonic-flow ana l ysis ,

it is of interest to point out that putting D O ~ /pc~~~~~
a/,t in (2.35),

+ With the incl usion of~~~
’(P~on the RI-iS of (4.3) , the uns teady analogy can

be used as a procedure for solving POE (2.6) with a nonvanishing center-
li ne curvature.
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the treatment of the nonuniformity at the shock root presented in 
~ 

2.6

app lies equally well to the corresponding problem arising from the unsteady

perturbation considered by Ehler (1974), Tracl , Albano 6 Farr (1976) ,

Hafez , Ri zL (, Murma n (1977), Bal lhaus & Goorjian (1978)) Fung , Vu £ Seebass

(1978), also Nixon (l978).~
’ 

V

4.2 Local similarities V

A
Owing to the l inearity, the 3-0 correc tion to ~ , , can he de-

composed into suitably scaled separate parts. For a certain class of oblique-

wing geometry, these ‘~epa r .1te parts have similarity solutions indepen dent

of ~ , as does the has i, so lution - This wing cla ss requ i res , in addition

to Ø’t 0, or a snna Il® ’, t ha t t he basic wing sect ion at each spa n s t a t  ion

be generated from a si n gle a irfoil shape of the same thic kness at a fixed

incidence. More speci fically, i t requi res a form of wing coord inates

~~~~~ ~•~~(
*) {~~

tft) + ~‘2,c~ +~~E~ - - r c 9 ) J (4 .5 )

where &9) is the ratio of the local wing chord C 9)t° the’ roo t chord 
~~~~~

Imp ! ic it is that 2:0 i s  a straight axis on the wing; the p lanfo rnnm . as we’l l

as the functions and I(fl~ 
are otherwise quite arh ltr ary .

For this case , we introduce the varia bles ( w i t h  b’= secA b

~~‘ ~/e:z~/c(p) , ~~a
f/e:Z.t~z/Cc? , 7 co1~

and assume

~‘ie~ ~~ •E®e’~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~~~~~~~~~~~~~~~~~ 

~~~~~~~~

where 3, ~~, and are i ndependent of y , and C i dC/h. The’ separation

in to  and a l l ows  the induced-upw ash effec t to be’ treated i ndependently V

of the spanwise’-compr essi bllit y correction . The’ POE (2.20) antI (2.72)

+ In the la st two works cited , the reexpanslon singula rity and the resulting
anoma ly does not appea r , its absence k presumably a consequenc e’ of the ’

assumption of a plane , norma l shock stipulated therein.
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become in th is  case

- = 
(4.8a )

It #%.~{ [I<,~ 
- (4ti) • —~~ — (1.v )~~~p-~ ~.} 

~~
, 

—

(~~.8h)

-~ -~I ~~~~~~~~~~~~~~~~ .- - (i.~~~;3.1~ } 4~ = o

The right-hand member of (k .Rh) arke’s from ?/af = - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •

The cond it ions on win g surface ’s and the’ wake , ( .‘ - 2 1 and ( .‘ .
‘ • gi ve - 

V

(1 ~~) 4 ~~~t 
(~~~~)-= o (,4~ ~): ~ ~~~~~~~~~~~~~i~

I ,.j ?x

and

U~~ H!$rli 0 , f ff~~E’j J O, [~ f l i~$t~IJ 0, (~m . l 0a ,b .~~Tv TV TV  TV rv

ACons i stent with the s i m i l a r i t y  s t  Uk t un ~- ~ t ,/ , ( 4 . ‘~~ , the equa—

i on of the shoc k boundary (2.25) take - - the - to~
A

The Rank ine—H uqoniot relations transferred to the unperturht ’d shoc k

‘ +boundary . i .t’ . (2.76) and ( 2 . 2 7 ) ,  now read as at ~ ~0

I’— ~~D Z
— (4.s) < ~~.~

.) :  _ (?ic~/,~.) ,

~~ ,%.p 1’
2 x0 ~~(1.s ) < c p~ . 4 x, ~~~~~ 

- (4.l$h ~

A- ~~~~~ £~~‘-P- (
~~) < 4~ - t x~ ~~~~~ = —Zr./,t,(’~/,r) (k .l2 c)

+ 
These jump conditions for 

~~ and are not the same as those for t he’
(formal) weak solutions of PHE (4.8b) and (k.8c).
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and 
(4 .l 3a ,b ,c)

Approaching the outer l im it , J~ J:I~/tJ-.~ 
, POE (4 . 8a,b) admits

the developments

3. 
~ 

, ~~~~~~~ + ~~~~ ~~
sj~~~~~)/~~~t.

I(~f~/ ~ 1*] x/ ~~ ç Z •... (k.lk a)

~~~~~~~~~~~~~~~
L1c ~‘i~i 

.f t i (lr) l f ( l )1

4,

+ 

~ 
+ ~ - Ut 4f l”() ~i) 5 j ~.sqs~ ] +

(4 . 1 k b )

4 [tan~(~~) -~ sr +

9• (4•~) ~~
1
~ç

1 I1•’. tf~ t 1~i~ i + K, ~‘/i~ I2 .1 ~/1~~1
t ÷

(4 14c )

These results are recoverable (completel y) from the’ far-field expansion

for $ $~ 
P-E $, -t- .~

. in the more genera l case , (2.28) and (2.29),
throug h transforma tions (4 .6) and (4.7) and the relations for the coefficients

T ,= f f ~, / 6 , ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (4.15)

— j~~
. (~~~.)

,

~d/ 1~ ? (4 .  1 6a)

~~~~Q~~ A I 
1tl

(j7~,)
1 A 

(4 . l6b)

~~ e~~
’n

~ ~~~~~~~~~~~~ E~Z,Jr~ . (t+.l6c )
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We note that, according to the last of (4.15),

~ -,~~o:= 6 - ~~~~~(. f ( l ~ ê s j )

The ~ in(1s2 . above e’xpia ins the forma l difference of (Z-~~j ÷ ~ 
) in V V

(~~.3O) and l~~f4’] in the seco nd term insid e the curly bracket in (4.1kb).

The sourc e’ stren gth ~~, can be exp I i c l t l v  eva l uated in terms of

and in t h i s  c a s e ’ ~ th the help of the Green theo rem , u n a f f e c t e d  by the

presen~e of init ~t’Jded shocks (Appendix I I I )  ,

= 5.~r 
(
~~~
)
2 
(3+ 6~+ (á”.~

)’J (4 .1 fl

where f’z t/E and g~~/E~ 2+~ a r -  the leading anti t r a i l  inq—e ’dge ’ lo c a t i o n s
in * , re’spec t ,ve’ h -

w i t h  ~~~~~~ known - to on t ro I t he’ nduce’d upwash by win g twist and

i rig bend t h rough 4 - 7 are’ c ~ I de’n t - From t ht - form of sO 1 ut ion (4 - 7) , the’
s i m i I i tude o t t ht’ ~— 0 f I ow structure i s also apparent . In 11 OCk regions

c ’’~~~~t~d t rorr shocks . th~’ lo c a l pre’ssure coe’ff ic ion t i z 
~? —P

~
)/e.u~V~~~~fl he ko r r e l a t d ’j as

(c~’ — c,’;~ )/E
~E F (.f in~~~~~ ; K,~) ( L,J8a)

I ndt’pe’nide’n t o t • whi’ re’ C~
’,_ ~ 

i s t ht’ I o~ a I va 1 no o kV O l rP U  t t’ei ac ~V 

~ r d —
inn t o tht’ 2—D th e -o r s af t e r jn inc idence correct ion

= ~~~~ C~ (4.l~~h)

TPit’ 3 — 0 e f f e - c t s  on the f i t - I d  near the shock and t he shock hounda r~ i t s t ’ I

~~ a Ise , be cor rt ~ la ted through (4. Il — (4. 1 ~ , cxc 1 ud i rig the’ vi ci nit ‘~

tie shoc k roo t - I ni the l i t  ~ r~ the r r~’ ss nrc’ t it’ Id should he’ co r re I at ed

In the’ or i gina ! term of the Oswa t I tsch Zierep ( l’~t~O~ , s hown in ( 2 .  -
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5. COMPUTATION METHODS AND EXAMPLE: STRAIGHT OBLIQUE WINGS

5.1 Remarks on exam~j~~s and comparison V

Demonstration of solutions to the reduced problem s of the theory is

an essential part of the present study. This is so , not on ly because it

affords an opportunity for assessing the adequacy of the present approach

as an aerod ynam i c- a n a l y s i s  method , but because the ex i s tence  and uniqueness V

of the so lu t ions  to the reduced problems have not been thoroug hl y i nvesti-

gated . This demonstration is given be low for the c l a s s  of s t ra ight ob l ique

w i n g s , for which simila rity solutions exist , thus the sweep and other 3-0

effects can be more clearl y deli neated with the least geometrica l comp lex i ty.

In the fo l lowing, the computation procedure is descr ibe d ( ,,~ 5.2), shock-
free examp l es (includin g two with slightl y supercritical component flows)

are  p resented  ( § 5 . 3 ) .  Com parisons wi th correspond i ng so lu t i ons  f rom

3-0 , fu l l  po ten t ia l  computer programs ( the Jarneson FLO 22) will  be discussed V

in ~ 5. 4. A comparison with solutions obtained via the unstead y analogy

is a l s o  shown in § 5 .5 .  Numerica l so lu t ions  invo lv ing  imbedded shocks ,

which require treatment of the logarithmic singularity at the shock root ,

are the subject of a separate paper.

The present theory is l im i ted  by the assumpt ions of a high aspec t ra t io  
•

and o f the smal l  d is tu rbance;  it is unce r ta in  w i thou t  a demonstration tha t

the solutions may adequatel y predict the (inv is cid) aerodynamic characteristics

to a deg ree enjoyed by the classica l l ifting—line theory. In addition , the

possibility of comitting al gebraic errors is not low . This , together with

the two limitations mentioned , makes direct comparison with more exact (3-D

fu l l  po ten t i a l )  solut ions essential.

The limitation on the computer storage available to the current 3-D

flow—field computation programs is wel l known. With this limitation , it

is not clear whether the grid distributions in these prog rams are suffi-

V cie nt ly refined for the purpose of describing the induced up-wash of the

trailing vorticities of the far wake , so crucial to a high aspect-ratio

wing . This uncertainty is erased , however, by the consistently good
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+comparisons shown below .

5. 2 Computat ion procedures

L i n e - r e l a x a t i o n  methods arc u-~~d to so lve  the al gebraic systems of

the diff e -r ence equations for the s i m i l a r i t y  so lutions ~~~ , , and

the method s emp loy Murman ’ s type-sensitive difference operators , including

a shock-point operator (Murman & Co le  197 1 , Murnra n 19 7 4 ) .  The bas ic  corn-

puter code for is adopted from one used ear il ier in Hafez C Chenq ’ s

(l977a & b) studies , i mproved in the far-field description with (14 .14a)

and i n the use of a higher-order convergence a c c e l e r a t i o n  scheme (Menq

& Cheng 1977). The double ’ strength and in (4 .14a) are determined

by a least-square fit of da1a near and at the far boundary. The inclusion

of the doublets and the nonl inear terms shown in ( 4 . 1 4 a )  have improved sub-

stan t i a l l y t he acc u racy and int e rnal consis tenc y of t he num er ic a l sol ut ions
at the far boundary; this results in a two to five percent (2-5 ) change

in the surface pressure. The bas ic  prog ram w i l l  a lso  f u r n i s h  input da ta  P

for the r e l a x a t i o n  s o l u t i o n s  i nvo l v i ng  shock-fittin g al go r i t hms  ( Hafez  C

Chen g l977b) , the latter i s not ne ’k’ded . however , in the shock-free examp les

cons idered below .

The procedures for and solving the linea r PDE ’ s , w i th condi t io n s

on the x-axis and the far-field de scrip tion ,(k.8)-(14. l6), are s i m i l a r to

tha t for . The programs are sin rplc- r in that the transition boundary

is f i xed  to the sonic boundary of , but i t requires a larger storage

for the inc lus ion  of ~~~ in add i t ion  to the obta ined in previous i t e r a t i o n s .

The same grid with nonuniform mesh is employed for ø$3
~ 
, 

~
, , and ~~ , cover-

ing a reg ion (~~ I .~ 
5, I ~ l ~ 6 , w i t h  a to ta l  of 81 x 65 g r i d  p o in t s .  The 

V

leading edge is made to locate at —I , and the t r a i l i n g  edge a t ~
‘ I

- ‘~- 4’-(i. e. 4:—t,~ I ) ,  any departure of 4 from u n i t y  is  accounted for by

+ Unpublished studies by Ronald C. Smith at NASA Ames Research Center appears
to have raised doubts on certain earlier results from the 3-0 , full po-
tential program (FLO 22) used for oblique-wing ana l yses. We also point
out that currently available 3-D computer programs b~ised on the transonic
small -distur bance equation (e.g. Bailey & Bal lha us 1972) are inapp l i c a b l e
to wings with out bi-latera l synlile t ry . Therefore , comparisons with 3-0
small-dis turbance computer soluti ons have not been made .
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changing ~ into [~~~+(t _
~~~)3  in (4 .8)  through (4 .16) . The case f~

’J = 1
corresponds to an obli que-wing p lanform with fore-and—aft symmetry about

the (strai ght) center line . The Kutt a condition is imp li c i t  in the programs

i n requiring the continuity of ~~~~ ~~~~ and~~~~ at the trailing edge.

The i terative solutions use a relaxation factor 1.8 in the e l l i p t i c

reg io n and 0.8 in the hyperbo l i c  region; typicall y, 200 line-sweeps are

needed for the convergence of the c i r cu la t ions to wi thi n 
~~~~~~~~~ 

The cal- 
V

cu lation for invo l ves more work , and requires twenty-five (25) minutes

on an IBM 370/158 Version II I , using double-precision ar ithmet i cs .~

5.3 Examp les of solu tions

As examples , we apply the solution procedure to obli que wings with

the section function ~~~~~)genera ted from the NASA 3612-02 ,40 airfoil ,

scaled to an arbitrary thickness . This airfoil has been used in various

wind -tunnel and preliminary -desi gn studies of obli que wing  a t Mach number V

between 0.60 and 1.4  (B lack , Beamish & A lexander , 1975 ; Jones 1977) . For

t he present purpose , we assume t hat the s t r a i g ht a x i s  (s... 0) to coi nc ide
with the mid chord of each wing section; the spanwise distribution of the

wing chord , is , however , left arbitrary . In this application , i t suffices

to set the ratio of the thickness and camber parameters ’~/~ equal to unity ,

rep lac ing  a l l  ø~. by t in scales entering the de finitions of ~ and

as well as K,,, ® and E - The determ inat ion of 4~, , •~,and •~ req u i res

the specification of the component s i m i l a r i t y  parameter K,,.
Three sets of results for wing-surface distribution of (

~ )~ 
, 
~~~

and (~~~)~~ are presented in Figs.  3 and 4. The first set (Fig. 3) is com- 
V

puted for K,, 3.6 with taken from the rescaled coord i nates of

NASA 3612-02 , 40 at zero incidence .~~
’ The second and the third sets

+ A computer prog ram s im i l a r  to tha t for 
~~
g has been considered in the

context of a straight unyawed wing by Small (1978).

~~The coord inates of the airfoil section NASA 3612-02 ,40 may be expressed as ,
w i t h  (‘!(x’-s~~~)/CC,’) ,

/fo cr C(y) = (o.o7a/,.~0)~~(i_ ~ t) ± 1°-~°”~’ tf(-~ ..u8i f

V 
-I. ~

‘(o.c6~8 s-e ’
’c~- 
,. g,,~ # o.3704(’))Jl
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(Fi gs. ka , b & c ) a r e  computed for a l ower similarity parameter , KA 3.45,
which g ives a s l i g h t l y  sup ercritica l 2-D component flow in ; the airfoil

sec t ion and incidence in the second set (solid curves) is the same as in

the f i r s t ;  the th i rd  set (dash curves) d i f f e r s  from the second onl y because

a nonzero incidence ~~ = 0.0582’t (radian) is added to d~ ./dx ,l’ From these
results , the pressure coefficient ~~~~~~~~~~ on the wing surfaces

is calculated from

C~~ cJj t Cp ’ -Z co
~A(t (~;

.)
~- +

÷ (5.1)

In Fi g. 3, the computed surface distribution of (
~ )-  (d

~
’)

~~
, and

are presented as thin solid curves , heavy sol Id curves , and dash

curves , respective l y, with the i ta ll ic u and Z.” referring to the upper

and the l ower surfaces. The peak of(~~)~
. occurring near the mid-chord

point lies slightl y below the critical value K,,/(f.,)1.50. The surface

values of which arises from the spanwise variation of the compress-

V i b i l i t y  correction are seen to be numerically small as compared to (~~)~~ .
The latter accounts for the incidence correction and includes the far-wake

vorticity influence. The circulations given by the jump of ~~, , , and

at the trailing edge are found to be ff~~~ 2.O48, ff~ — 0.494, and [
= -2.667, respectivel y. Their contributions to the potential • at

the trailing edge , hence , the rolling moment about the wind axis , are

wei ghted by , €~J ~~~~~~~~~~~~ and respectively. For a

planform which is symmetrical with respect to y~— O  
(not y

~~O), 1T~, is
also symmetric. The induced upwash in this case is positive (

~~ 
(0) on

an aft panel and negative (C’?’o) on a fore panel , as noted e a r l i e r .

Therefore , the last two of the three wei ghting factors mentioned are both

negative on an aft panel and positive on a fore panel . It is , thus , seen

from this example that , with the negative 
~J ’~ 

and 1T the inviscid 3-D

effects will g ive rise to an unbalanced rolling moment (as well as pitch ing

1’ For 
~~ = 

0.~2 , this amount of 4~~ gives an incidence of 0.40 degree .
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moment). The asy rne t r ica l  forces , if unchecked , w i l l  tend to ra ise  the

a f t  panel and l ower the fore panel -
The least-square fit of the doubl e- t strengths determined from the

relaxation solution of Fi g. 3 are = 0.2472 and = 0.0958;
wi t h these and the va lue of IT’0 = 2 .04 8 , the source s t reng th  In the far
fi eld for is de’te’rrrn i ned from (4.17) as = 0.9270 . We note in

pa s s i n g  that t he’ program for computing ~~ Is re l a t i v e l y s t ra igh t fo rward
and the result can be rep roduced qu i te  w e l l  by comput ing at a sl ight l y

d i  f t  o re ’nit i nrc ide’nce’ , takin g the’ di f f e re nice-  of the two • and norma I h i  nq -

To a s s e s s  the’ r e l i t  ive’ importance of these c o n t r i b u t i ons , we app ly

the’ re’su It s  of 1k. to an elI i pt Ic p 1 an form w i t h  a major— to—rn I nor a~ t’s

ratio of 16.73 at ~0
° yaw. Assum i ng a 6~ thicknes s ra t io fo r each w i n g

--c - ct ion , we’ have’ ton t h i s  ex anir pl e ’ ~ 
0. l522 ,e = 1 .3 3 7  (corresponding to

MA= 0.7615, airef frt 0.8793 under K,,= 3.6). NC) wing-bend is considered ,

but a c m i i  to ri-i I(~
) ~ or nespon i e I  1 nq to an (overa 1 1 )  i nc i dence’ ad jus t ment  I s

c troseni to e’l i n n  nate ’  3 — 0 e f f e c t s  on the t o t a l  l i f t  ( t h i s  is  p o s s i b l e ’ ow ing

to the’ pure’ ant i synrme’t ry of the 1—0 ef fec t s in t h i s  spec Ia I examp le) - The

re’su I ta n t  di s t  r I hut ion of ~~~ on the ’ upper sur face at  the ’ span s t a t  ion

0.80 is shown as a d o t t e d  curve in Fi g . ~~. A small region of super—

r i t  i c a l  component f l ow  i s seefi , wh i cli in t hi s ed5e ~ is brough t about ma in 1 y

through the’ upwa sh i nduc e’d by the wa ke ’ vor t i i t  it ’s

The’ i’rre ’spornd m g  rt ’s ul N for the other  ~~~~ sets shown in F i g s . 4a , b

and a re’ s i in n i I a r , wit In the’ not i ce-ab l e ’  ci i f  It’ rence be’ I ng the’ appearance of

sU pe . rc r i t  1 c ,i 1 reg ions on the’ upper sur face-  in the lead i nq appre)x i nat ion
(
~~) ~ - The’ connipu t a t i on dot -s rio t exper ience’ c oniv e- rqe’nce’ d i f f i c u l t y  and

t’x,lnn i nat i on of the s o lo  t ion dot’s not re’ve’a I e ’V I de’nce of shoc k wave’s iii

these cas -s - For the se’cond set w i t h  = 3 .4 5  and ~~~ = 0 (~‘ N) inc i dence’ )

t h e ’ so lu t i o ns  give’ ff~ 
= 2 . 0 7 1 2 , = -0. 5291 . fT’1 = —2.6839 , D

r 
= 0.2549,

= 0.00/ 1 and 
~ 

0.9530;  for the t h i r d  sot  w i t h  = L45 and an

inc ide’nce of 0.40 correspond i rig to 4a~/.t = 0.0582 , the correspond i ng re’su l t

ar e  2 .2828 , ff’~ = -0 . 5 4 27 ,f f ’~~= - 2 . 2 1 1 8 . o:- = 0 .2 6 l 4 .~~~ = 0.0 2578 ,

and = 0 .9893 .
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5.4 Comparison with full -p otential , 3-D solut Ions

The s i m i l a r i t y  so lu t i ons  3~~
, ~ and #12 s hown in Fi gs.  3 and 4 can

be applied to example -s of transoni c ob l i que wings of various comb i nations

of M , ‘V , 4 as I onej as the’ coiniponen t s un l i a r It y paramet er K,, i s unchanged

The win g aspec t rat i o and the spariw i so d st r i hut ion of the 1 o~ a 1 w i rig chord

c an he’ quite ar b itrary.

Surf ace’ d i s t r i b u t i o n s  of C’p have been ob tj i ne’d  in s e v e n a l  ~~n s t ’s

Ion t he purpose’ of compar i -- cm i n~ i tIn s~~l ut ions I i t C i I i  1 ‘~~p in t en pro gram h,i- ,c~d

on a 1— D f u I l pot t n t  i a I e’qua t ion. I n t hi coninmic t ii it i s c’s son t Ia 1 to

c u t  fe ’ re ’nt i ,lt e ’ thi’ s i q n n i I cali co ot tlit ’ cri t l i i i  pressur e’ ~~-f fi1 ie ’ ni t c o r n ’ —

cp cmni d i nig to a lot. m l son c -~pot-d

= _. ...~ ... ~~~~~~~~~~~~~ 
I (5.7)

P i’A~ l L s t ~1aii~j  J ,
and that c orn e51)t)i)di rig to the’ sei niic _ mn n n d l ion in the ccmnmnpcnnit’nn t flow , nain ne - l ‘~~,

- ~~~‘z 
~~~~~~~~ 

I ~ COS~~ (5 .3)
1Pv~,

t ( ,,~ ‘M:j J

for the ’ v i eWpo iii ci t swept wi rig at’ rod ynani n Ic ‘- , ~‘ i s r cl at i vel y t r i v i a I

I n.isnniuch as a t i n r
V i_ t

_ — di m o m s i onm , i I f l ow  mi t h C~ < 
~~~ 

‘. in n read i I y be’ re’neie’ red

shot k—f n o t , by prov i di rig t s Ut
V 
f i t  i o n  t I y I a rV q t, cvi rig scgt ’(’p . The’ v,i l tie ’ 01

Cp4 ~ of ( - ) I s Vt’ r y we’ I I a pprox i nn,) t e’d by tha t ci C c l i i  e’d t n Olfi t lie’ pr - c -s c - l i t

s tudy

cp’
~~

_ 2
~~~~

cos
~
t c~~, - 

(5 1 k)

The di ffe’renc t- be’t wt’cn (5 .4) and (C , .3) lpparc -nt  l y ci t ‘- - n rd~ on ~~ —

wh i cii are found to he It ’s t han 2 ,  for /V I~ as low as 0 . 6 - .

I t m a y  ht’ po i n ted out th at t~ x i stin g 3— 0 compu t o 1  code ’s has c- cl on t he’

fu 1 1 — pot nt i a I e’qua t i o ns  do not at: couni t (cur re ,c t I y) for the de’pa r to no of

the tr a ilin g vor t ox shet’ t fronin a p l amia r (flat) sur fac e ’  - Thus , its v a l i d i t y

so re ’elui ros  the’ sinna l I — e l i s t u r h a n ic e  assUfl ipt ion , s t r i c t l y  ‘peaki rig . The

value’ of the ’ program I los , ot course’, on Its ,ih II i ty to desc r i b e  the f low

I Ic’ 1 ci a round t he’ 1 cad i ng ed ge’ and rica r the t ra I I intl edge , whe re’ t lie sma I I —

(list tirhance approx innia t ion breakdown or becomes It ’s s accurate’, assum i ng

42

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~



_ _  -~~~ V~~~~~ -

~~~~~~

that problems of convergence with respect to mesh size , and to iteration ,

may not cause inaccuracy.

Numerical results comparable with our solutions are generated from

one version of A. Jameson ’s 3-D full-potential computer codes “FLO 22”

(c.f. Bauer , Garabed lan , Jarneson & Korn 1974 , Janieson 1974), which is used

with i nip l ementat lon-v for obli que-wing analyses at NASA Ainies Research Cente ’n

Ae ronautics Division and at Grunmnmii an Aerospace Corporation Research Depart-

nient .~ The algorithms employed in FLO 22 are not fully conservative , but

this may not be essential for shock-free solutions presented be l ow . We

point out that the FLO 22 data from Ames and from Grumman are not identical

ow i ng main ly to the use of different meshes. The availability of data

from two sources is help ful in delineating the nature of discrepancy between

our theory and the more exact 3-D program . Data froni the latter is s t i l l

influenced by the mesh Size ’ , spac i ng of the span stations , number of i t e r a t i o n s ,

the detail of the l ead i ng-ed ge geometry description , which are different in

Ames and Grumman runs. V

A number of FLO 22 runs have been made w i t h  f r t ’ c- - s t rean i  Mac h number ,

swept ang le , w lng- th ickness ,e’tc . chosen to qive either K,, 3.6 or K,~= 3.45, V

enrnp loy ing the same bas ic  a i r f o i l  s ec t i o n . A n e l l i pt ic planfor m is used in

each case; wing t w i s t  and w ing  bend are assumed to be zero. Comparisons are

made in Fig.  5-7 for three ’ cases and may he considered be i ng typical among V

mos t runs.

The oblique el l i p t i c  win g considered in Fig . 5 has a 6 V  thickness ratio , V

w i t h  the major-to- minor axes ratio of 20, and a sweep ang le of 2 2 . 5 0 . The

free-stream Mach number is 0.8242 in t h i s  c a s e .  Th is  makes the f ree-

stream component Mach numbe r M,,= 0.7615 and f(,= 3 .6 0,® = 1. 003 and

€ = 0.1277 in our analysis. The pressure coefficient for the critical com-

ponent flow in this case is Cr = -0.470. The surface C’p values at three

span s ta t i ons , ~
‘ -0.69 , 

~
‘
~~ O and ~ 0. 69 are shown in Fig. 5a , F i g .  5b

and Fig. 5c , respect ive l y. The FLO 22 data f roni Ames ( in  small  crosses anti
l and f rom Grumman ( in  smal l  open c i r c le’s ) are seen to be qu i t e ’  c lose ’

+ The FLO 22 data generated at the NASA Ames Research Center were kindly
provided by Mr. Ronald C. Smith , and the data from Grumman Aerospace
Corporation were made availab le to us by Dr. Rueben Chow .
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except near the lead i ng edge,~ Near the lead i ng edge , the small-disturbance

assumption of our theory also breaks down as rioted earlier. The agreement

of the FLO 22 data with our values computed on the basis of data from FI g. 3

(in solid curves) must be considered as being better than antici pated ,

inasnni uch as the r e l a t i v e  er ror  in our theory i s  of an order dt -tt ’rnnined by

the la rge r of -t’~ 
and E

1 
(to he pr e ’c ise -~ - In the present case , = (0•06)

J3

= 0. 153 !

Enicouraq i nq i s that  t he’ dt’c i r t ’e o f 5ngreemeni t w i t h  tht’ FLO 22 data appear

t o  deter iorjte’ 1 1 u It cvi t h I n c r V
ea s  I rig w i nq — t h  I. knrc ’ss rat in or nedu c I nci aspec t

rat io.  Re’su I t s  of on ipa r i s0fls for e I I i pt i t w n nc rs w i t  ii a 1 2 - th I ck a i r In i I

se ’c t  ion and a nra j or —t o— mi n io r a~~’s rat in of l~4 are shown in Figs . 6 and 7.
The cdSt ’ c o n n s i d e . r e c i  in Fi g . 6 h,ts a fret-—stream Maci n nunmibt’r 0.751+9 , a yaw

.inmc i le ’ Ic) 0 . Thi s give’ s 1~4,,= o~~ 538 , K,, = 3 . 6 0 , € = 0. l41m~i , annJe = 1.062;

SI I so — 0. 72 / - The’ va I fi t s (connnpte’d I n onim the prest’n I the’or’~ • based

aga in tin d a t a  of Fig .  ~
) are pre ’st ’ntt ’d for f i v ’  span s t a t i o n s  in heavy curves

with open ci rc It ’s; t h e ’ c c m r r c ’sponiti i niq FLO 22 dat a (t nou n NA SA Ames) are pre—

sent eel as t h in n eu r v t -s  - Ag r eel- ne- n i t  s liii I a r to I 1151 I found In F i q - 5 i s 5mqa i n

found in F i c r  - 6 cxc  c- pt at the ’ s t d t  i on~ ~ ~ 0. 8~ wh i cii art’ ra the ’r ti ost- to

the win g t i p.

I ci F I a - 7 . t he’ j c kn it - ss r a t Ia s ,intl as pc ’ t t ra t  io r t ’nli,l in th &’ s anne’ as i n

Fig. 6. but fr1~ 0. ~i77 intl A — I0~
’ Tin i g iv e ’s  M~~ 0.66~u8 , cp~ = — 0 .68 g .

arid K,, .45. For t hi , t he va I tie in I he’ p n t ’ st -n i t I he’o r -~ i s corwpu ted on

ho has i s of our data from F I q - 1+ . The re ’s t i l t s  i re ’ pre ’se ’ n n ted iii Fi g 7 for

seven span stat ions:  
~~ 0, ± 

0. :0, ± Q ,  ~g , ± 0.79 . Tht’ degree’ of ag re e- —

nnent w i th the FLO 2? dat5i (I ronn NASA Annre ’s) is ,Icl,l i nl s i nmm i Iar in the ’ pre ’ce’d i nnq

connipa r i sari s , In t hi s case , a sma I I supe rc r it ic a I r t~ ion a ppea r in the’ a ft

wing  pane l , as a n t i c  ipated  ( t he re ’ are at least three su r face ’  g r id  po in ts  in

the sup e rc r i t i ca l  reg ion) .

+ The two sets of FLO 22 data also diff er near the’ w in g  t i p s  ( ~~: f o .~o)
not shown .

++No I e I hat , there 5i re- cons i derab ) y in~ re da t a po I nit s t ha n the’ numt~t’ r s of
the open c i r c l e s  shown .
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The reader is called to the att ention tha t the %d l st r ibu ti on s are not

the same in different span stations , therefore’ , the ’ comparisons made with

the FLO 22 data have prov ided a mean ingfu l  t e s t  for the theory. One of

the major contr ibut ions to the 3-D effects is the inc idence correction which

accounts for the upwas h I nduced by the wake- von t I c i t ie ’~ , conipu ted I rain

V, °~ 
(3.9) via (3.10) and (14.l6a). The adequacy of this upwash calcu-

I a t i  cm has ii ready been ele’irrons t rated in exainip I t ’s pertaining to t he 1 i near lied

pn cmi ) I cnn (C he’niq 1 978a £ in) ; tIre ’re ’ tore , t h e ’  good ,rg rt’e’nnen t r e p o r t  eel lie’ re- should

not be too s u r p r i s i n g .  Wor thy  of note in this connect iou is the’ Us e ’ of the

t n a n s t l n l i c  s i m i l a r i t y  pa n animeter ~~~~~~~~~~~~~~~~ , and the retention

ot ti le’ etisA f a c t o r  in connrput m g 
~~~ 

,ind C~p , which prove to be c r u c i a l  in
m a i n t a i n i ng  an ,rc ccnr ,rte - lt -adinq approxim ation , and Is part l y responsib le

for the ge od aq reenie’n t ach I e’ved here -

~~~ ~~~~~~~~~~~~~~ ~o lu tior i~ v Li the- unstead y ana logy

To demonst ra te  the degree to which t he’ unsteady t ranson ic  anaioqy can

be ut iflzed for the ob li gue-wing anal ys is , we’ include here a comparison of

the l o c a l — s i m i l a r i t y  so lu t ions  for ~~~ — l i f t i n ~ ob lique w ings  w i t h  the

correspond i ng results generated by a numerical procedure using an AOl aiqo-

rith nn s similar to those in Ba llhaus & Goorjian (l977).~ As poi nted out in

~ 4.1 , the case involving l ift (It’0$O)requires an imp l ementation at the

far boundary for the unstead y ana l ogy, not needed for the example considered

here. The result is nevertheless of interest in that the 3-0 correction ,

in t h i s  case ,is g iven e n t i r e l y  by the compressibility effect resulting from

spanwise dens i ty  va r i a t i on  mentioned e a r l i e r .  For this purpose , we cons i der

oblique wings with a symetric airfoil section ,NACA 614006 at zero inc idence 1
and compute for K,, 2.50; (cf. 4~

’ 5.2) the result for the surface pressure

coeff icient Cr(.) 
_
~~~~~

‘
~~

‘)2  was computed for t 0.06 and M~:O.827

+ The unsteady transonic code used in this stud y was made by Dr. Tom Evans
dur ing 1977 on leave from the Un ivers I t y  of East Ang l ia , Norwich ,
Eng land .
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14.I
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t
~)~) 

_ i
~~~)C(4)jS~~)j +

~ ‘°‘‘4~)~÷ B~ (4~
.)
~ k) N,,, -

_

~~~~~~~~X_~~~ fi~
cs ;7)sl~~/~~-cJ ds~~ ( 1 1 1 . 1 8)

a
T h i s  g i v e s

— .~? ~ .~.
1 7 C 0  ,, ~~~~~~~~~~~~~~977 .L1 — K~ dY

~ ~
‘41fE4. fl tTT~~ y CX 

- ,

b
— -

~~~ ~~~~~~~~~~~~~~~~~ ln J x - s / d s  ( 1 1 1 . 1 9 )  
VIF

a

We observe tha t , over t he wake por t ion ,

(p),
( 11 1 .20)

I

s ince 4~, and is continuous across the x-ax is downstream of the I.E..4
Since cj, does riot g ive rise to a source in the far-field , we have ,

“ C

as 
~~~~~~~~~ ~~ 

, a source strength for 4~ 
as (recalling “

A
” has been

‘C
omitted from 4~ 

and i~

Q,~ ~~~~
= 

_
~ f i~7~ 11 d,c

0

= 21T a ~
- 

0 
a 

____

b
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4. -i-
~~~c ®&~~~~ ~~~J~JJ dx 

V

- r Lo f n +

+ ~~~~

8rT K~ ~~ ( 1 1 1 . 2 1 )  
V

The above result for stra i ght obli que wings (w ith ®
‘
~~ 

o) doe s no t

require the assumption of a loca l s i m i l a r i t y  in the 3-0 s t r u c t u r e .  In

cases in which the 3-D simili tude applies , the far-field source strength

Q, for the similari ty solution ~~~

‘

, cf. (l+ .l4b) , can be de termined from

(111 .2) throug h (4.l6b)
I’
Q ~

, , ,-~,.tQ =  ,~~ t — ~
-
~~
’ 17 Z~i -c

® c c ’ 47r~(,~
notin g in th is  case tha t 

~/~~= -(~
‘/2)E /,~- ~/~) and using (4.15)

r -~ -

to re la te if1 , , and 
~~
‘ to 

~~ 
, , and Q~~. The fin al result for

the source strength in the far -fi eld ~~~

‘ 

is (with ~ —a’= 2)

= 
47T~ ~~~ ~~~i 

cs,.Z 
~ 

(1 1 1 . 2 2 )
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FIGURE CAPTIONS

Figure 1 Illustration of the reference chord , the span and the aspect
ratio used for a straig ht obli que wing(a), a more general curved ob- H
lique w ing (b ) ,  and syrmietric swept wings (c): the shaded areas in (c)
indicates regions of breakdown . Breakdown (nonuniformity) of the theory
may also occur in the tip reg ion (cf. text). V

Figure 2 Illustration of the Cartesian and the orthogona l curv i linea r
coordinate systems in the wing p lane ( z:o).

Figure 3 Examples of 4
~a~~

’ ~~~~,and ,;on the upper and l ower surfaces
of a stra i gh t oblique wing at K,,:3.6. The airfoi l section is NASA V

I
3612-02 , 40 resca l ed to an arbitrary thickness .( Refer to text for results
shown in dots); wing has no twist and bend ; loca l incidence is zero .

Figure 4(a) Resul ts for a straig ht obl ique wing a t K~ = 3.45 at two m ci—
dences: ~ = 0 (in solid curve) and ~~o(. 0.5S2’t(in dash curve).
Dis t i - ibution of •

Figure 4(b) (Continued) Distribution of •g~~~.

Figure 4 (c )  (Cont inued) D i s t r i b u t i o n  of 4~~2

Figure 5(a) Comparison w i t h  a major to minor axes ra t io  of 20 at 2 2 . 5 0

sweep and a free-stream Mach number 0.8242. The present result is shown
in so l i d  curve . Th is  graph gives c~ distrubutio n at the span stationV= .-0.69.

Figure 5(b) (Continued) Span station v iii 0. 
V

Figure 5(c) (Continued)Span station 9~~ .69.

Figure 6(a) Comparison for a 122~ thick elli ptic oblique wing with major to-
minor axes ra t io  of 14 at 30° yaw and M~ 0.7549. This graph gives
surface C~at span station 9 -O.89.

Figure 6(b) (Continued) Span station ~
‘
~~-fl.69.

Figure 6(c) (Continued ) Span station ~
‘ 0.

Fi gure 6(d) (Continued) Span station >7~~O.69.

Figure 6(e ) (Continued ) Span station V~~O.89

Figure 7(a) Comparison for a 12~ th ick , el l i p t i c  oblique wing with an axes
ratio 14 at 300 yaw and M

~ 
0.7677 This graph gives surface C~at spanstation 5 -0.79.
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Fi gure 7(b) (Continued ) Span station Y:-O.59.

Figure 7(c) (Continued ) Span station ~ = -0.20.

Figure 7 (d) (Continued ) Span stat ion Y 0 .

Figure 7(e) (Continued ) Span station ~
“ 0.2O.

F igure 7( f )  (Continued ) Span s ta t i on  ~~~~~~~

Figure 7(g) (Continued) Span station ~~~0.79.

Figure 8 Surface distributions of on a non l ifting obli que wing with
an airfoil section NACA 64006 for a component similarity parameter of
K =  2.50. The surface va l ue of can be recovered from the C~

’
~d i s t r i b u t i o n  shown ( c f .  t e x t ) .

Fi gure 9 Comparison of surface on a n o nl i f t i n g  e l l i p t i c  ob l i q u e  w ing V

obtained from local-similarity solutions (in discrete symbols) with
correspo nding numerical data via the unstead y analogy (in solid curves) .
The airfoil sect ion and k,,va l ue are the same as in Figure 8, and is
taken to be 0.10 , using ~~~ for case (A) of Fi gure 8. The is computed
for a 6~ thickness ratio and M,~~0.827. The latter conditions together
w i t h  = 0.10 , g ives ~

,‘1 = ‘L~~95 and ~ 2 2 . 6  for a sweep ang le of

4 22.5° .

Fi gure 10 (a)Co mpar i so n of su rface C~,’ on a non l i f t i ng  obique w ing  of len-
t icu lar  planform from the local-similarity solution ’s (i n discrete V

symbols) with the corresponding numerical data via the unstead y analogy
(in solid curves). The airfoil section and K.,va l ue are the same as in 

V

Fi gure 8 , and 1~~~~ 0 .10 , using ~~ g for case (A )  of Fi gure 8. Th is  graph V

shows results for three span s t a t i o n s  on the a f t  panel , 
~ 

0, 0.5 and
0.8.

Fi gure 10(b) (Continued) Span stations on the fore panel , ?“ -0.2 and -0.5.

Fi gure 11 (a)Comparison of surface C~ on a non l ifting obli que wi ng of
ha l f - le n t i c u l a r  plan form , w i t h  the s t r a i gh t  axis at the leading edge.
The ~~~~~~~~ for case (B) is used for computing C~’ which  is computed other-
wise in the same manner as in Fi gure 10. This graph shows results
for spa n station~~~ 0, 0.50 and 0.80 on the aft panel.

Fi gure 11(b) (Continued ) Span stations 7 -0.2 , and -0.50 on the fore pane l . V

Figure 12(a)Cornparison of surface C~ on a nonl ifting obli que wing of half-
lenticular planform , with the stra i ght axis at the trailing edge. This
perta ins to case (C) in Fi gure 10. The graph shows results for span
stations ~~~

‘
: O~ 

0.50, and 0.80.

F gure 12(b) (Continued) Span s ta t ions 3~ 
-0.2 and -0.5 on the fore panel.

Figure 11 .1 Illustration of the wing boundary (w), the trace boundary (I) ,
and the shock-discontinuity boundary (D).
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